Abstract. We define the notion of the Dade group of a fusion system and show that some of the gluing and detection results for Dade groups of finite p-groups due to Bouc and Thévenaz in [8], [9] extend to Dade groups of fusion systems.
Introduction
The Dade group DðP; FÞ of a fusion system F on a finite p-group P, for p a prime, is defined as the subgroup of F-stable elements in the Dade group DðPÞ of P. The motivation for considering this notion comes from block theory: any choice of a maximal b-Brauer pair ðP; eÞ of a block b of a finite group G over an algebraically closed field k of characteristic p determines a fusion system F on P; see e.g. [16] for details. Moreover, for any subgroup Q of P there is by [1] a unique block e Q of kC G ðQÞ such that ðQ; e Q Þ J ðP; eÞ. Then, for any pair ðR; QÞ of subgroups of Q, R of P such that Q is normal in R and such that the block e Q is a nilpotent block in the sense of [3] , the unique (up to isomorphism) simple kC G ðQÞe Q -module V Q is invariant under R by the uniqueness of inclusion of Brauer pairs, and hence becomes an endo-permutation kR=Q-module. In this way, any block gives rise to a fusion compatible family of endo-permutation modules for all sections R=Q of P for which the block e Q is nilpotent. One of the questions, first raised by Puig in [21] , is whether this family can be 'glued together' to an endo-permutation kP-module V such that Defres P R=Q ðV Þ is equal to V Q in the Dade group DðR=QÞ for any section R=Q of P as above. Following [21] , this gluing problem has an a‰rmative answer if P is abelian, which in turn is used to show the existence of a stable equivalence of Morita type between the block and its Brauer correspondent under the assumption that the inertial quotient acts freely on the non-trivial elements of P. In [8] , Bouc and Thévenaz gave a more general criterion for when the gluing problem has a solution provided that the involved endo-permutation modules are torsion in their respective Dade groups and p is an odd prime. The purpose of the present paper is to investigate compatibility issues with respect to an arbitrary fusion system F on a finite p-group P. After a brief review on fusion systems in Section 2, we define in Section 3 the Dade group DðP; FÞ of a fusion system F on a finite p-group P and relate this to the definition of endo-ppermutation modules, due to Urfer [24] . In Sections 4 and 5, we extend some results of Bouc and Thévenaz [8] , [9] to this context, and in Section 6, we describe some examples of Dade groups of fusion systems.
Generalities on fusion systems
We review the definition of a fusion system, a concept due to Puig [19] . Our terminology follows [2] or [17] .
Definition 2.1. Let P be a finite p-group. A fusion system on P is a category F having as objects the subgroups of P; for any two subgroups Q, R of P the morphism set Hom F ðQ; RÞ is a set of injective group homomorphisms with the following properties:
(1) composition of morphisms in F is the usual composition of group homomorphisms;
(2) if j : Q ! R is a morphism in F then so is the induced isomorphism Q G jðQÞ as well as its inverse; (3) Hom F ðQ; RÞ contains the set Hom P ðQ; RÞ of group homomorphisms j : Q ! R for which there exists an element y A P satisfying jðuÞ ¼ yuy À1 for all u A Q;
(4) (I-S) if jN P ðQÞj d jN P ðjðQÞÞj for any j A Hom F ðQ; PÞ then Aut P ðQÞ is a Sylow p-subgroup of Aut F ðQÞ;
(5) (II-S) if j : Q ! P is a morphism in F such that jN P ðjðQÞÞj d jN P ðtðQÞÞj for any t A Hom F ðQ; PÞ then j extends to a morphism c : N j ! P in F where N j is the subgroup of N P ðQÞ consisting of all y A N P ðQÞ for which there exists z A N P ðjðQÞÞ with the property jð yuy À1 Þ ¼ zjðuÞz À1 for all u A Q.
Given a fusion system F on a finite p-group P, a subgroup Q of P is called fully F-normalized if jN P ðQÞj d jN P ðjðQÞÞj for any j A Hom F ðQ; PÞ; similarly, Q is called fully F-centralized if jC P ðQÞj d jC P ðjðQÞÞj for any j A Hom F ðQ; PÞ. A subgroup Q of P is called F-centric if C P ðjðQÞÞ ¼ ZðjðQÞÞ for any j A Hom F ðQ; PÞ, and Q is called F-radical if Aut Q ðQÞ ¼ O p ðAut F ðQÞÞ, the largest normal p-subgroup of Aut F ðQÞ. A subgroup Q of P is called F-essential if Q is F-centric and if the partially ordered set of non-trivial p-subgroups of Aut F ðQÞ=Aut Q ðQÞ is not connected. If Q is F-essential then Q is F-centric radical. Alperin's fusion theorem implies that F is generated by the automorphism groups Aut F ðQÞ of F-essential subgroups Q of P. Following Stancu [23] , the axioms (I-S) and (II-S) imply the a priori stronger axioms used in work of Broto Levi and Oliver [2] , where fusion systems are called saturated fusion systems. Remark 2.2. Let G be a finite group. For any two subgroups Q, R of G denote by Hom G ðQ; RÞ the set of injective group homomorphisms j : Q ! R for which there exists an element x A G satisfying jðuÞ ¼ xux À1 for all u A Q. Let p be a prime and let P be a Sylow p-subgroup of G. The fusion system of G on P is the category denoted by F P ðGÞ having the subgroups of P as objects and the sets Hom G ðQ; RÞ as morphism sets, for any two subgroups Q, R of G. The category F P ðGÞ is a fusion system on P in the sense of Definition 2.1. Axiom (3) of that definition implies that any fusion system F on P contains the 'trivial' fusion system F P ðPÞ of P on itself.
Proposition 2.3 ([2, Proposition 2.5]). Let F be a fusion system on a finite p-group P. There is a finite P-P-biset X with the following properties.
(1) Every transitive P-P-subbiset of X is of the form P Q Â j P for some subgroup Q of P and some j A Hom F ðQ; PÞ.
(2) jX j=jPj is congruent to 1 modulo p.
(3) For any subgroup Q of P and any j : Q ! P we have an isomorphism of Q-P-bisets j X G Q X and an isomorphism of P-Q-bisets X j G X Q .
Here P Q Â j P is the P-P-biset of equivalence classes in P Â P with respect to the equivalence relation ð yu; zÞ @ ð y; jðuÞzÞ, where y; z A P and u A Q, and j X is the Q-P-biset equal to X as right P-set with u A Q acting on x A X as jðuÞx; similarly for X j . Note that P acts freely on the left and on the right of a biset X as in Proposition 2.3.
The Dade group of a fusion system
Let P be a finite p-group and let k be a field of characteristic p. Following Dade [13] , a kP-module M is called an endo-permutation kP-module if End
Given an endo-permutation kP-module M, its restriction Res P Q ðMÞ to any subgroup Q of P has at most one isomorphism class of indecomposable direct summands with Q as vertex. In particular, M itself has at most one isomorphism class of indecomposable direct summands with P as vertex, and any such summand is then called a cap of M. If M has a cap we say that M is capped. Note that M is capped if and only if End k ðMÞ has a trivial direct summand as kP-module. In particular, any endotrivial kP-module is a capped endo-permutation kP-module. More precisely, an endotrivial kP-module restricts to any subgroup Q of P as the direct sum of one indecomposable endotrivial kQ-module and a projective kQ-module. If M, N are capped endo-permutation kP-modules then so is their tensor product M n k N. Two capped endo-permutation kP-modules M, N are called equivalent if their caps are isomorphic. The Dade group of P is the group of equivalence classes of capped endo-permutation kP-modules, with product induced by the tensor product over k. The inverse of the class of a capped endo-permutation kP-module M in this group is the class of its k-dual M Ã . The Dade group DðPÞ is a finitely generated abelian group (cf. [20] ). The equivalence classes whose cap is endotrivial form a subgroup of DðPÞ, denoted by TðPÞ. Note that two endotrivial kP-modules are equivalent if and only if they are isomorphic in the stable module category of kP-modules. The Dade group is contravariant functorial in P. If P and Q are two finite p-groups and j : Q ! P is a group homomorphism, we denote for any kP-module M by Res j ðMÞ, or sometimes simply by j M, the kQ-module which is equal to M as k-vector space, with u A Q acting on m A M by jðuÞm. Restriction along j defines in this way an exact functor Res j : modðkPÞ ! modðkQÞ. If M is a capped endo-permutation kPmodule then Res j ðMÞ is a capped endo-permutation kQ-module, and hence the functor Res j induces a group homomorphism between the corresponding Dade groups, still denoted by Res j : DðPÞ ! DðQÞ. This map sends TðPÞ to TðQÞ and the torsion subgroup D t ðPÞ of DðPÞ to the torsion subgroup D t ðQÞ of DðQÞ. If j is the inclusion morphism of a subgroup Q of P we write Res P Q instead of Res j . We refer the reader to [7] for more background material and other usual notation concerning the Dade group. In particular, a section of a finite p-group P is a pair ðT; SÞ of subgroups of P such that S t T c P. If R c S t T c P, with R t P, we write As before, we use this notation for elements of the Dade group as well as for modules.
Definition 3.1. Let P be a finite p-group and let F be a fusion system on P. The Dade group DðP; FÞ of ðP; FÞ is the abelian group
where D denotes the contravariant functor from F to the category of abelian groups sending a subgroup Q of P to the Dade group DðQÞ and a morphism j : Q ! R in F to the group homomorphism Res j : DðRÞ ! DðQÞ. Similarly, we define In order to describe DðP; FÞ as subgroup of DðPÞ, we use the following terminology. Definition 3.3. Let P be a finite p-group and let F be a fusion system on P.
(1) A kP-module M is called F-stable if Res j ðMÞ G Res P Q ðMÞ as kQ-modules for any subgroup Q of P and any j A Hom F ðQ; PÞ. Remark 3.5. Let P be a finite p-group and let F be a fusion system on P. As a consequence of Alperin's fusion theorem, in order to determine whether a kP-module M is F-stable or not, it su‰ces to check that Res j ðMÞ G Res P Q ðMÞ for every fully Fnormalized F-essential subgroup Q of P and any j A Aut F ðQÞ, viewed as morphism from Q to P. Also, by property (4) of Definition 2.1, we can furthermore assume that j has order prime to p.
For endotrivial modules the notions of stability of a module and its class coincide: Proposition 3.6. Let P be a finite p-group. The class v A TðPÞ of an endotrivial kPmodule V is F-stable if and only if V is F-stable.
Proof. This follows from the fact that for any subgroup Q of P we have Res For the class v A DðPÞ of an arbitrary capped endo-permutation kP-module V it is still true that if V is F-stable then so is v. The converse, however, need not be true. However, by Green's indecomposability theorem, a capped endo-permutation kP-module V can be written in the form
where R runs over a set of representatives of the conjugacy classes of subgroups of P and where V R is a cap of Res P R ðV Þ for any subgroup R of P, with uniquely determined integers n R . The class of V is F-stable if Res j ðV jðRÞ Þ G V R for any morphism j : R ! P in F. For the module V itself to be F-stable one would need further compatibility conditions on the integers n R . What we show next is that any F-stable class v A DðPÞ has at least some F-stable representative.
Proposition 3.7. Let F be a fusion system on a finite p-group P and let v A DðP; FÞ. Then, there exists V A v such that V is F-stable.
Proof. Let X be a P-P-biset with the properties as in Proposition 2.3. Consider the permutation kP-kP-bimodule kX with k-basis X . Let v A DðP; FÞ and let W A v. We will show that the kP-module V ¼ kX n kP W is a capped endo-permutation kP-module belonging to v and that V is F-stable. By property 2.3(1) we have
with ðQ; jÞ running over a suitable family of pairs consisting of a subgroup Q of P and a morphism j A Hom F ðQ; PÞ. By property 2.3(2) the bimodule kX has a direct summand of the form j kP for some j A Aut F ðPÞ. Thus, by property 2.3(3) the bimodule kX has in fact a direct summand isomorphic to kP as kP-kP-bimodule. Thus W is isomorphic to a direct summand of V . The stability of V follows from the stability property 2.3(3) of the biset X . It remains to prove that V is indeed an endo-permutation module. We have
with ðQ; jÞ as before. Since v is F-stable, each indecomposable summand of V is isomorphic to Ind P R ðW R Þ for some subgroup R of P, where W R is a cap of Res P R ðW Þ. Hence, to verify that V is endo-permutation, it su‰ces to check that Ind 
Since a direct sum of permutation modules is still a permutation module, we conclude that Ind
Þ is a permutation kP-module, for all subgroups R; S A F. This shows that V is an endo-permutation kP-module with the desired properties. r
We end this section with a comparison between DðP; FÞ and the group D P ðGÞ, defined by Urfer in [24] , when P is a Sylow p-subgroup of G and F ¼ F P ðGÞ is the fusion system defined by the action of G on P by conjugation. For sake of completeness, let us recall Urfer's definition. Note that the equivalence relation identifies the endo-p-permutation modules whose caps have isomorphic sources. In [24, Proposition 2.10], Urfer shows that an indecomposable endo-permutation kP-module V has the property that Ind G P ðV Þ is an endo-p-permutation kG-module if and only if V is G-stable (that is, Res
. From this, the author deduces an isomorphism between the subgroup of G-stable elements in DðPÞ and the group D P ðGÞ. Translating the G-stability in terms of F-stability, with F ¼ F P ðGÞ, his result becomes: Note that we reach the same conclusion by applying Proposition 3.7.
Remark 3.10. Let G be a finite group and P a Sylow-p-subgroup of G.
(1) Since two capped endo-p-permutation kG-modules are equivalent if and only if their restrictions to P have isomorphic caps, we have that 0 A D P ðGÞ is the set of all p-permutation modules having an indecomposable direct summand with vertex P.
(2) The definition of the group TðGÞ of endotrivial kG-modules, as given in [10] , does not identify TðGÞ to a subgroup of D P ðGÞ unless P ¼ G. Indeed, in TðGÞ, the elements are isomorphism classes of modules in the stable module category. Hence, two indecomposable endotrivial modules having isomorphic sources are generally not equivalent. Consequently, the kernel of the restriction map Res G P : TðGÞ ! TðP; FÞ is a finite group, isomorphic to the group generated by the isomorphism classes of the Scott modules that are endotrivial (i.e. such that Res G P ðMÞ G k l L for some projective kP-module L, cf. [10, §2] ). Besides this fact, let us point out that it is yet still an open problem to determine whether the map Res G P above is surjective or not. The issue is that for an indecomposable endo-p-permutation kG-module M the property ½Res G P ðMÞ A TðPÞ implies that M has an endotrivial source and that the Green correspondent of M is an endotrivial kN G ðPÞ-module, but M need not, a priori, be an endotrivial module itself.
Detection
'Detection' type results describe families C Y of sections ðT; SÞ of a finite p-group P for which the product of the maps Defres Definition 4.1. Let Y be a class of finite p-groups closed under taking sections and isomorphisms. Let P be a finite p-group, let F be a fusion system on P and let C be a subcategory of F closed under isomorphisms. We denote by C Y the category defined as follows.
The objects of C Y are the sections ðT; SÞ of P belonging to the subcategory C of F such that the quotient group T=S belongs to Y.
The morphism set Hom C Y ððT; SÞ; ðT 0 ; S 0 ÞÞ is the set of morphisms j : T ! T 0 in C, such that S 0 c jðSÞ, for any two objects ðT; SÞ, ðT 0 ; S 0 Þ in C Y , with composition induced by that in F. If C ¼ F P ðPÞ we write P Y instead of F P ðPÞ Y .
With the notation above, given a morphism j : ðT; SÞ ! ðT 0 ; S 0 Þ in C Y , the groups jðTÞ, jðSÞ belong to C because C is assumed to be closed under isomorphisms, and the section ðjðTÞ; jðSÞÞ of P can be identified with the section ðjðTÞ=S 0 ; jðSÞ=S 0 Þ of T 0 =S 0 . Hence the map Defres Similarly, we set
where D t and T are the subfunctors of D sending an object ðT; SÞ in C Y to the subgroups D t ðT=SÞ and TðT=SÞ of DðT=SÞ, respectively. We denote by Defres Bouc and Thévenaz proved in [9, Theorem 4.7] that if p is an odd prime and X is the class of all p-groups of order at most p 3 and exponent p, then for any finite pgroup P the group homomorphism Defres X : DðPÞ ! D ðP X Þ is an isomorphism. Combining this with Proposition 4.4 yields the following consequence.
Corollary 4.5. Let p be an odd prime and let X be the class of all p-groups of order at most p 3 and exponent at most p. For any finite p-group P and any fusion system F on P the map Remark 4.6. Using 4.5 it is easy to check that the group D ðP; P 1 X Þ is isomorphic to the subgroup of 0 1<QcP DðN P ðQÞ=QÞ defined by Bouc and Thévenaz at the beginning of [8, §2] , where P 1 is the full subcategory of F P ðPÞ consisting of all non-trivial subgroups of P. where the notation is as in the previous section. A subcategory C of a category F is called convex if C is a full subcategory of F with the property that whenever X , Y , Z are three objects in F such that the morphism sets Hom F ðX ; Y Þ, Hom F ðY ; ZÞ are non-empty and such that X , Z belong to the subcategory C, then also Y belongs to C. A convex subcategory is closed under isomorphisms.
Defres
Proposition 5.1. Let p be an odd prime, let P be a finite p-group, let F be a fusion system on P and let C be a convex subcategory of F. Let Y be a class of finite p-groups closed under taking sections and isomorphisms and containing the class X of p-subgroups of order at most p 3 and exponent at most p. The inclusion C X J C Y induces an isomorphism We use Corollary 4.5 to show that this is an isomorphism. We construct an inverse as follows. Let ðv ðT; SÞ Þ ðT; SÞ A C X be an element in D ðP; C X Þ. Let ðR; QÞ be an object in C Y . Note that since C is convex, the objects of ðR=QÞ X belong to the category C X . Indeed, let ðT=Q; S=QÞ A ðR=QÞ X . That is, we have a chain Q t S t T c R of objects of F, with Q t R and R=Q A Y. Thus S; T A C since Q; R A C and C is convex. Consequently, ðT=Q; S=QÞ G ðT; SÞ A C X . Now, define w ðR; QÞ A DðR=QÞ as pre-image of the subfamily ðv ðT; SÞ Þ ðT; SÞ A ðR=QÞ X under the isomorphism Let p be a prime and let P be a finite p-group. Denote by A d2 ðPÞ the partially ordered set of elementary abelian subgroups of P of rank at least 2. For any fusion system F on P denote by E d2 ðFÞ the full subcategory of F having A d2 ðPÞ as set of objects; if F ¼ F P ðPÞ we write E d2 ðPÞ instead of E d2 ðF P ðPÞÞ. Denote by E F the quotient of the F 2 -vector space of maps E d2 ðFÞ ! F 2 which are constant on connected components of E d2 ðFÞ by the subspace of constant maps E d2 ðFÞ ! F 2 ; in the case F ¼ F P ðPÞ we write E P instead of E F P ðPÞ .
Bouc and Thévenaz proved in [8, Theorem 5 .1] that for p an odd prime and P a non-cyclic finite p-group there is a short exact sequence of F 2 -vector spaces
where P 1 is the full subcategory of F P ðPÞ consisting of all non-trivial subgroups of P (cf. Remark 4.6). In particular, if A d2 ðPÞ is connected we have an isomorphism
ðPÞ is not connected, the map F P is constructed explicitly, making use of the very particular structure of P and the connected components of A d2 ðPÞ in that case. This can be generalized to arbitrary fusion systems; the proof is not as straightforward as one might expect: Theorem 5.3. Let p be an odd prime, P a finite p-group and F a fusion system on P. Denote by F 1 the full subcategory of F consisting of all non-trivial subgroups of P and let X be the class of finite p-groups of order at most p 3 and exponent at most p. The map F P induces a short exact sequence of F 2 -vector spaces
As in the proof of [8, Theorem 5.1], the di‰cult part of the proof of Theorem 5.3 arises when A d2 ðPÞ is not connected. By [12, Lemma 2.2] , in that case, P has a unique central cyclic subgroup of order p, which we will denote by Z. Furthermore, any connected component of A d2 ðPÞ contains either all elementary abelian subgroups of rank at least 3 or consists of a single elementary abelian subgroup E of rank 2, in which case E is called isolated in A d2 ðPÞ. If P has rank at least 3 we denote by B the connected component of A d2 ðPÞ containing all elementary abelian subgroups of rank at least 3 (and their subgroups of rank 2), and in that case, B contains a subgroup E 0 of rank 2 which is normal in P. If P has rank 2, any connected component of A d2 ðPÞ consists of a single isolated subgroup of rank 2, and there exists an isolated E 0 which is normal in P; we set B ¼ fE 0 g in that case. Whenever E is isolated in A d2 ðPÞ then E contains Z, the group N P ðEÞ acts transitively on the set of complements of Z in E, and for any such complement S of Z in E we have N P ðSÞ ¼ S Â L for some cyclic subgroup L of P. One of the additional di‰culties in the proof of Theorem 5.3 is that Z need no longer be strongly F-closed-and hence a connected component of E d2 ðFÞ may contain both isolated and non-isolated elementary abelian subgroups of P. The following lemma will be needed to handle this situation.
Lemma 5.4. Let p be an odd prime, P a finite p-group and F a fusion system on P. Let E be an elementary abelian subgroup of rank 2 of P which is isolated in A d2 ðPÞ and let Q be a subgroup of order p of E. Let c A Hom X Þ, which proves the theorem in that case. We assume now that A d2 ðPÞ is not connected, and so P has the particular structure described above. The proof of the exactness at E F breaks up into two parts: we need to show first that F P maps D t ðP; F Since Z is cyclic of order p we have DðZÞ G F 2 . Thus, restriction from EZ to Z sends w EZ to a uniquely determined element e v ðEÞ A F 2 . It is shown in [8, Lemma 3.2] that this defines a map e v on A d2 ðPÞ satisfying e v ðEÞ ¼ e v ðE 0 Þ if E is conjugate to a subgroup of E 0 , and hence e v is in fact a map E d2 ðPÞ ! F 2 which is constant on connected components of E d2 ðPÞ. That is, e v yields an element e v in E P . We need to show that e v belongs to E F . It su‰ces to show that the map e v : E d2 ðPÞ ! F 2 is constant on connected components of E d2 ðFÞ. Since e v is invariant with respect to inclusions, it su‰ces to show that e v ðEÞ ¼ e v ðjðEÞÞ, for all j A Hom F ðE; PÞ, with E elementary abelian of rank 2. If E and jðEÞ are in the same connected component of E d2 ðPÞ the equality holds by [8, Theorem 5.1]. Thus we may assume that E is isolated. Write E ¼ S Â Z, where Z is the unique central subgroup of order p. Then N P ðSÞ ¼ C P ðEÞ ¼ S Â L has rank 2 as well. Consider first the case where jðEÞ is also isolated for all j A Hom F ðE; PÞ. Choose j A Hom F ðE; PÞ such that jðEÞ is fully F-normalized, so that N j ¼ N P ðEÞ; that is, such that j extends to a morphismj j : N P ðEÞ ! P. Since N P ðEÞ permutes transitively the complements of Z in E, the groupj jðN P ðEÞÞ, which is contained in N P ðjðEÞÞ, permutes transitively the complements of jðZÞ in jðEÞ. On the other hand, jðEÞ ¼ Z Â S 0 for some non-central subgroup S 0 of P of order p, and N P ðjðEÞÞ permutes transitively the complements of Z in jðEÞ. This forces jðZÞ ¼ Z. It follows, by definition of F P , that w E ¼ Res j ðw jðEÞ Þ, and hence e v ðEÞ ¼ e v ðjðEÞÞ. Since there is always an isomorphism j with N j ¼ N P ðEÞ, we conclude that e v ðEÞ ¼ e v ðjðEÞÞ, for all j A Hom F ðE; PÞ, in the situation where jðEÞ is isolated for all j A Hom F ðE; PÞ. Suppose next that there exists j A Hom F ðE; PÞ such that jðEÞ is contained in an elementary abelian subgroup of rank 3. Denote by c : jðZÞ ! Z the restriction of the inverse of j. Clearly, Z is fully F-centralized, and hence c extends to a morphismc c : C P ðjðZÞÞ ! P, such that the compositioñ c c j is the identity on Z. Note that jðEÞ c C P ðjðEÞÞ c C P ðjðZÞÞ and thatc c maps C P ðjðEÞÞ to C P ðc cðjðEÞÞÞ, which has rank at least 3. Thus,c cðjðEÞÞ belongs to the connected component B of A d2 ðPÞ. As before, the equalityc cðjðZÞÞ ¼ Z implies w E ¼ Res j ðw jðEÞ Þ, hence e v ðEÞ ¼ e v ðc cðjðEÞÞ. In other words, the value of e v at E coincides with the value of e v on B. This shows that F P maps D t ðP;
In order to show that
X Þ, such that F P s is the identity on E F . Let c be a connected component of E d2 ðFÞ. Write e c : E d2 ðFÞ ! If Q, Q 0 have order greater than p then both sides are zero, so we may assume that Q 0 has order p. If Q has order greater than p then again both sides are zero. Thus we may assume that cðQÞ ¼ Q 0 . We consider first the case where cðRÞ ¼ R 0 ; that is, c is an isomorphism in F 1 X . In that case, thanks to Lemma 5.4, c induces a bijection between the sets Nðc; R; QÞ and Nðc; R 0 ; Q 0 Þ, and thus the required equality follows. We may therefore assume, after possibly replacing ðR; QÞ by ðcðRÞ; cðQÞÞ, that Q ¼ Q 0 c R < R 0 and that c is the obvious inclusion map. We show that this implies Q ¼ Z. Indeed, if Q 0 Z there is at most one isolated E containing Q, namely E ¼ Q Â Z. Thus Nðc; R; QÞ, Nðc; R 0 ; QÞ are either both empty (in which case we are done) or both equal to fEg, where E ¼ Q Â Z. But in that case we have We need to show that the coe‰cients a E are odd, for E A Nðc; R; ZÞ. Every element ðF ; xÞ in A E is uniquely determined by its second component 
Examples
The Dade group of a arbitrary fusion system on a finite 2-group P whose possible essential subgroups are Klein or quaternion (of order 8) group turns out to be equal to the Dade group DðPÞ of P itself. This includes the case of all cyclic, generalized quaternion, quasi-and semi-dihedral 2-groups (cf. [15, Satz I.14.9] for the definitions).
Theorem 6.1. Let P be a finite 2-group and F a fusion system on P. Assume that all Fessential subgroups of P are Klein four groups or quaternion groups of order 8. Then DðP; FÞ ¼ DðPÞ. By Alperin's fusion theorem (cf. Remark 3.5) it su‰ces to show that for any Fessential fully F-normalized subgroup Q of P and any automorphism j A Aut F ðQÞ we have Res j ðvÞ ¼ Res P Q ðvÞ in DðQÞ, for all v A DðPÞ. The proof is based on this in conjunction with the following two observations: Lemma 6.2. Let P be a finite p-group, where p is any prime, let Q be a characteristic subgroup of P, and let j A AutðPÞ. Proof. By Lemma 6.2, the lemma holds for w ¼ W Q , and w ¼ W Q=Z in case Q is quaternion of order 8 and Z is its centre. It remains to consider the 'exotic' elements of the Dade group of a quaternion group Q and in case k has cubic roots of unity. By [11, §6] , in that case, the cap of an exotic element v A DðQÞ is indecomposable endotrivial of dimension 5, and Q has exactly two isomorphism classes of such modules.
Hence an automorphism of odd order must stabilize both classes. r Proof of Theorem 6.1. By the previous remarks, in order to show the F-stability of all the elements of DðPÞ, it is enough to consider the F-stability with respect to automorphisms j A Aut F ðQÞ, for Q a fully F-normalized F-essential subgroup of P. Stability with respect to conjugation by elements in P holds trivially, and since Aut P ðQÞ is a Sylow-2-subgroup of Aut F ðQÞ, we may suppose that j has odd order. Hence, if all F-essential 2-subgroups of P are Klein groups or quaternion groups of order 8, then the only automorphisms j of Q of odd order have order 3. By Lemma 6.3, DðQÞ is hji-stable, and hence Res P Q ðvÞ ¼ Res j ðvÞ for all v A DðPÞ, as was left to be shown. r Corollary 6.4. If P is a 2-group that is either cyclic, dihedral, semi-dihedral, quasidihedral or generalized quaternion, and F is a fusion system on P, then we have DðP; FÞ ¼ DðPÞ.
A similar statement for odd p does not hold because W C p 0 0, whereas W C 2 ¼ 0. More precisely:
Proposition 6.5. Let p be an odd prime and P be an elementary abelian p-group of order p 2 . Let F be a fusion system on P containing a non-trivial automorphism j A AutðPÞ of order dividing p þ 1. Then DðP; FÞ is a proper subgroup of DðPÞ.
Proof. Let C be a subgroup of P of order p such that jðCÞ 0 C. Then Res j ðW P=C Þ ¼ W P=j À1 ðCÞ 0 W P=C . r Example 6.6. Let p be an odd prime, let G ¼ PSLð3; pÞ, let P be a Sylow-p-subgroup of G and set F ¼ F P ðGÞ. Then P is an extraspecial p-group of order p 3 and exponent p, and its center Z has order p. Write E 1 ; . . . ; E pþ1 for the p þ 1 elementary abelian subgroups of rank 2, and write E i ¼ S i Â Z, for some non-central subgroup S i of E i of order p, and for all 1 c i c p þ 1. By [6] ,
More precisely, let e 0 ¼ W P ; e i ¼ W P=S i ð1 c i c p þ 1Þ; e pþ2 ¼ W P=Z ; e i ¼ W P=E iÀpÀ2 ðp þ 3 c i c 2p þ 3Þ:
Then kerðDef P P=Z Þ is generated by fe i j 0 c i c p þ 1g subject to the relation 2e 0 ¼ P pþ1 i¼1 2e i , whereas Inf D P=Z ðP=ZÞ is generated by all other elements e i , subject to the relations 2e i ¼ 0, for all p þ 3 c i c 2p þ 3. Moreover, TðPÞ G Z pþ1 is generated by e 0 and 2e i , for 1 c i c p þ 1. By Alperin's fusion theorem, the F-stable elements are detected upon F-stability under automorphisms of P, and of the Fessential subgroups. There are two elementary abelian subgroups of order p 2 that are F-essential. We choose notation such that E 1 and E 2 are essential (then the poset of the non-trivial p-subgroups of the quotient group N G ðE i Þ=E i C G ðE i Þ is not connected, f 0 ¼ e 0 ; f 1 ¼ e pþ4 þ e 1 ; f 2 ¼ e pþ3 þ e 2 ; f 3 ¼ X pþ1 i¼3 e i ; f 4 ¼ X 2pþ3 i¼pþ5 e i ; subject to the relations 2f 0 À P 3 i¼1 2f i ¼ 0 and 2f 4 ¼ 0:
Example 6.7. Let P be an extraspecial group of order 7 3 and exponent 7. By [22] , there is an exotic fusion system F on P, where the F-centric F-radical subgroups of P are the eight elementary abelian subgroups of order 49. In the same notation as above, with p ¼ 7, we may assume that E 1 and E 2 are F-conjugate, and E 3 ; . . . ; E 8 form a single F-conjugacy class. Moreover, any morphism in F preserves Z. By [6] , DðPÞ G Z 9 l ðZ=2Þ 9 , and TðPÞ G Z 3 . A direct computation yields DðP; FÞ G Z 3 l ðZ=2Þ 3 , and also TðP; FÞ ¼ TðPÞ, because Z is normalized by F. Explicitly, kerðDef P P=Z Þ V DðP; FÞ G Z 2 is generated by e 0 ; e 1 þ e 2 and e 3 þ Á Á Á þ e 8 subject to the relation 2e 0 ¼ P 8 i¼1 2e i , and Inf P P=Z ðP=ZÞ V DðP; FÞ G Z l ðZ=2Þ 3 is generated by e 9 ; e 10 þ e 11 and e 12 þ Á Á Á þ e 17 subject to the relations 2e 10 þ 2e 11 ¼ 0 and P 17 i¼12 2e i ¼ 0. Finally, TðP; FÞ G Z 2 is generated by e 0 ; 2e 1 þ 2e 2 and 2e 3 þ Á Á Á þ 2e 8 .
